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Role of charm in the decay ofB mesons toh8K
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In this Brief Report we focus on the calculation off h8
(c) , the amplitude of the (cc̄)→(gluons)→h8 transi-

tion, which provides the magnitude of the contribution of the Cabibbo favoredb→ c̄cs elementary process to
B→h8K decay. It is found thatf h8

(c)
5212.3 to218.4 MeV on the scale ofmc . This number is in strong

contradiction with the estimations of Halperin and Zhitnitsky but almost in agreement with the phenomeno-
logical analysis of Feldmanet al., Petrov, and the estimations of Aliet al. @S0556-2821~99!03501-8#

PACS number~s!: 13.25.Hw, 12.38.Lg, 14.65.Dw, 14.70.Dj
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I. INTRODUCTION

Recently there has been a great theoretical interest@3–13#
in the recently released experimental data on the branc
ratios of the decays ofB→Kh8 @1,2#:

B~B6→h8K6!5~6.521.4
11.560.9!31025, ~1.1!

B~B0→h8K0!5~4.722.0
12.760.9!31025.

~1.2!

In the standard model the Cabibbo favoredb→ c̄cs elemen-
tary process may be followed by conversion ofc̄c pair into
h8 through the gluons. The amplitude of this process is
scribed by

M5
GF

&
VcbVcs* a1^h8~p!uc̄gmg5cu0&

3^K~q!us̄gmbuB~p1q!&. ~1.3!

Here GF is the weak coupling constant,Vcb , Vcs* are
Kobayashi-Maskawa matrix elements,a150.25 phenomeno-
logical number obtained by a fit~see@3# for the references!.
The matrix element

^h8~p!uc̄gmg5cu0&52 i f h8
~c!pm ~1.4!

is nonzero due to the virtualc̄c→gluons transitions. Cer
tainly, this matrix element is suppressed by the 1/mc

2 factor.
However, because of strong nonperturbative gluon fields
gether with the Cabibbo favoredb→c transition the sug-
gested mechanism~1.3! can be expected to compete app
ciably with the other mechanisms of theB→Kh8 process
@9,12#.

If we assume the dominance of the mechanism~1.3! the
branching ratio is written in terms off h8

(c) as @3#

Br~B→Kh8!.3.9231023S f h8
~c!

1 GeV
D 2

. ~1.5!
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Using the data~1.1! it is found f h8
(c).140 MeV ~‘‘expt’’ !.

This value perfectly coincides with estimation of Halper
and Zhitnitsky@3#:

f h8
~c!

5~50– 180! MeV. ~1.6!

On the other hand, a recent phenomenological study plac
bound on f h8

(c) , namely 265 MeV< f h8
(c)<15 MeV, with

f h8
(c) being consistent with zero by analyzing theQ2 evolu-

tion of the h8g form factor @7#, and more recently it was
estimated from observed ratio ofJ/c decay toh8 andhc the
value of f h8

(c)
52(6.360.6) MeV @8#. Other similar estima-

tion which leads tou f h8
(c)u,12 MeV was made in@13#. Ali

et al. considered the complete amplitude for the exclus
B-meson decays, includingh8K channels, where it was com
bined the contribution from the processb→s(cc̄)
→s(gluons)→sh (8) with all the others arising from the
four-quark and chromomagnetic operators, as detailed
their papers@5,6#. Their estimations gaveu f h8

(c)u.5.8 MeV

@5# and f h8
(c)

523.1(22.3) MeV ~for mc in the range 1.3–
1.5 GeV! @6# in agreement with the analysis@7#. They
stressed the importance of the sign off h8

(c) and found a the-
oretical branching ratio in the range

B~B→h8K !5~224!31025,

which is somewhat smaller than the experimental one~1.1!.
The similar analysis made in@10# leads the authors to con
clude thatf h8

(c)
5250 MeV may provide the explanation o

the data.
Having this situation, it is important to recalculatef h8

(c) 1

to clarify the mechanism ofB→Kh8 decay in the similar
framework performed by Halperin and Zhitnitsky@3#.

II. CALCULATIONS OF f h 8
„c…

The symmetry of the classical Lagrangian may be
stroyed by quantum fluctuations@15–17#. In gauge theories
the axial anomaly arises from noninvariance of the fermio

cs
i-

1The details of the present calculations are given in@14#.
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measure against axial transformations in the path integra
the theory@18# ~see also Ref.@19#, concerning higher-loop
corrections!. The present problem is intimately related wi
this phenomena.

In the following we will work only with the Euclidian
QCD.2 In the Euclidean QCD the axial anomaly in the lig
quark axial current in chiral limit reads

]mc f
†g5gmc f52 i

g2

16p2 GG̃, ~2.1!

wherec f is the light quark field (f 5u,d,s) andg the QCD
coupling constant. 2GG̃5emnlsGmn

a Gls
a , whereGmn

a is the
gluon field strength operator witha being the color index.

The situation with heavy quarks is very different, sin
we must take into account the contribution of the mass te
The divergence of the axial current of charmed quarks ha
form:

]mc†gmg5c52 i
g2

16p2 GG̃12mcc
†g5c, ~2.2!

The first term in Eq.~2.2! again comes from noninvarianc
of the fermionic measure~or in other words, from Pauli-
Villars regularization!. The main problem here is to calcula
the contribution from the second term in Eq.~2.2!. It is clear
that this one is reduced to the problem of the calculation
the vacuum expectation value of the operator 2mcc

†g5c in
the presence of gluon fields.

In the path integral approach the calculation of the con
bution of this term to any matrix element over light hadro
may be considered in sequence of the integrations. First
integration overc-quark is performed, and the next step
the calculation of the integral over gauge gluon field a
finally integral over light quarks.

We consider here the first step: the integration ovec
quarks. We define

^2mcc
†~x!g5c~x!&5E DcDc†2mcc

†~x!g5c~x!

3expS E c†~ i ¹̂1 imc!cD . ~2.3!

Here i ¹̂5gm( i ]m1gAm) and we introduce the operatorPm
and pm which are defined in the coordinate space
^xuPmuy&5 i¹md(x2y) and ^xupmuy&5 i ]md(x2y). It is
clear that the formal answer for the path integral~2.3! can be
written in the form

^2mcc
†~x!g5c~x!&52mc deti P̂1 imci

3^xuTr g5~ P̂1 imc!
21ux& ~2.4!

2We are using here the convention of the Euclidian QCD:ixM0

5xE4 , xMi5xEi , AM05 iAE4 , AMi52AEi , cM5cE , i c̄M5cE
† ,

gM05gE4 gMi5 igEi , gM55gE5 . We will omit indexE.
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detiP̂1imci must be regularized in the standard manner a

deti P̂1 imci→detI ~ P̂1 imc!~ p̂1 iM !

~ p̂1 imc!~ P̂1 iM !
I ,

where M is the regulator mass. Equation~2.4! must be a
gauge invariant function of the gauge fieldA and therefore
must be expressed through the gluon field strength tensor
their covariant derivatives.

We will follow the operator method proposed by Vain
shteinet al. @20# in the same line as in@3#. The key ingredi-
ent of this method is based on an assumption of a possib
of an expansion of Eq.~2.4! overgG/mc

2 . We will take into
accountO(g2G2) andO(g3G3) terms in the calculations o
Eq. ~2.4!. We start from the calculation of

H~x!52mc^xuTr g5~ P̂1 imc!
21ux& ~2.5!

522imc
2^xuTr g5S P21mc

21
1

2
sgGD 21

ux&

5H2~x!1H3~x!1O~g4G4!, ~2.6!

where

H2~x!522imc
2^xuTr g5~P21mc

2!22

3
g

2
sG~P21mc

2!21
g

2
sGux& ~2.7!

and

H3~x!52imc
2^xuTr g5~P21mc

2!22

3
g

2
sG~P21mc

2!21
g

2
sG~P21mc

2!21

3
g

2
sGux&. ~2.8!

HeresG5smnGmn ,smn5( i /2) @gm ,gn#.
It is straightforward to calculateH3(x), since we may

neglect the noncommutativity of the operators in Eq.~2.8!
and replaceP operator byp in Eq. ~2.8!. In that case we may
use the evident formulas,

^xu
1

~p21m2!nux&5E d4p

~2p!4

1

~p21m2!n

5„24p2~n21!~n22!m2~n22!
…

21,

Tr g5~sG!35 i25trcGG̃G,

whereGG̃G5GmnG̃nrGrm . We get

H3~x!52 i
g3

243p2mc
2 f abcG

aG̃bGc. ~2.9!

The calculation ofH2(x) needs much more efforts. Firs
of all we represent thesG(P21mc

2)21 in the form
1-2
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sG~P21mc
2!215~P21mc

2!21sG1~P21mc
2!22@P2,sG#

1~P21mc
2!23@P2,@P2,sG##

1 . . . . ~2.10!

The routine calculations of the commutators in Eq.~2.10!
lead to

@P2,sG#5¹2sG12iPa¹asG, ~2.11!

@P2,@P2,sG##5¹4sG12iPa~¹a¹21¹2¹a!sG

1~2i !2PbGba¹asG

1~2i !2PaPb¹b¹asG. ~2.12!

Other higher commutators lead to the terms orderO(G3) in
the expansion~2.10! and may be neglected. Following th
arguments of@20# we may neglect also the terms which co
tains single operatorPm . The reason is that the matrix ele
ments

^xu~P21mc
2!2nPmux&;¹mG2.

By using the Bianchi identity it is easy to show that

¹2Gmn5 i ~GanGam1GamGna!2¹n¹aGam2¹m¹aGna .
~2.13!

It is evident that the term¹4sG is order ofO(G3) and may
be neglected. Collecting all of theO(g2G2) and O(g3G3)
terms inH2(x) in Eq. ~2.7!, we get

H2~x!5
ig2

24p2 GaG̃a1
ig3

253p2mc
2 f abcG

aG̃bGc.

~2.14!

Finally

H~x!5
ig2

24p2 GaG̃a2
ig3

253p2mc
2 f abcG

aG̃bGc. ~2.15!

We neglect here the small contributions of the terms l
¹m¹aGna .

As expected, the first term inH(x) cancels with the first
term in Eq.~2.2!, which is the contribution from noninvari
ance of the measure and the rest part leads to the diverg
of the c-quark axial current in the form

^]mc†~x!gmg5c~x!&52
ig3

253p2mc
2 f abcG

aG̃bGc.

~2.16!

We would like to stress an attention that our answer
^]mc†(x)gmg5c(x)& is 6 times less than was calculated
Halperin and Zhitnitsky@3#.

We apply this result to the calculation of thef h8
(c) and

compare with the analogous quantityf h8
(u) , which is defined

in the similar way asf h8
(c) in Eq. ~1.4!. These quantities cer

tainly are defined in Minkowski space. Equation~2.1! and
03750
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~2.16! may be easily translated from Euclidian to Minkows
space accordingly the above-given prescription. F
instance @(GaG̃a)E→(GaG̃a)M# and @( f abcG

aG̃bGc)E

→2( f abcG
aG̃bGc)M#, which lead to

mh8
2 f h8

~u!
5^0u

g2

16p2 ~GaG̃a!Muh8& ~2.17!

and

mh8
2 f h8

~c!
5^0u

g3

253p2mc
2 ~ f abcG

aG̃bGc!Muh8& . ~2.18!

The phenomenological way of the estimation of thef h8
(u) is

the application of the QCD1QED axial anomaly equation
together with data onh8→2g decay leads to

f h8
~u!

563.6 MeV, ~2.19!

which was used in@6#. On the other hand the calculation o
the matrix elements~2.17!, ~2.18! may be reduced to the
calculation of the correlators

^GaG̃a~x!GaG̃a~y!&, f abcG
aG̃bGc~x!GaG̃a~y!&

respectively. The calculation of the correlators are natura
performed in Euclidian space. These correlators have alm
the same dependence on the large relative distancesux2yu
and the ratio of these correlators become almost constan
least in DP chiral quark model@22,23#. So, in this model,
which was successfully checked by the calculation of
axial anomaly low-energy theorem@21# in chiral limit, the
ratio of Eqs.~2.18! and ~2.17! is equal to

f h8
~c!

f h8
~u! 52

12

5r2

1

6mc
2 ;20.1. ~2.20!

Herer is the average size of the QCD vacuum instantons,
which phenomenological analysis, variational and lattice c
culations showed that

r51/3 fm, ~2.21!

and we used this value for the estimation~2.20!. So, By
taking into account the estimation~2.19! @we usemc(m1
.mc).1.25 GeV on the scalem1.mc for the numerical
estimates#, we find

f h8
~c!

526 MeV. ~2.22!

This number is close to the one of@5#, u f h8
(c)u55.8 MeV and

the sign and the order of the value coincide with the estim
tions of @6,8,13#.

Recently, Shuryak and Zhitnitsky@4# performed direct nu-
merical evaluations of the various correlators of the opera
g2GaG̃a, g3f abcG

aG̃bGc in the Interacting Instanton Liquid
Model ~IILM !. Their calculations lead to

^0ug2GaG̃auh8&57 GeV3 ~2.23!
1-3
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~which leads tof h8
(u)

548.3 MeV) and

u^0ug3f abcG
aG̃bGcuh8&u

u^0ug2GaG̃auh8&u
'~1.5– 2.2! GeV2. ~2.24!

The later is somewhat large than their simple estimate
this ratio of matrix elements

12

5 K 1

r2L '~1;1.5! GeV2. ~2.25!

With the use of Eq.~2.24! @instead of the factor 12/5r2 in
Eq. ~2.20!# we arrive at

f h8
~c!

f h8
~u! 520.17 to 20.25. ~2.26!

This ratio givesf h8
(c)

528.2;212.3 MeV at the scale of the
size of the instantonm2'r21. The abovementioned exper
mental numbers~1.1! are given at the scalem1'mc , which
is different from the scale of this instanton calculation. T
account of the anomalous dimension of theg3GG̃G operator
leads to correction@4#

f h8
~c!

~m1.mc!.1.5f h8
~c!

~m2.r21!. ~2.27!

The account of this scale factor leads to
S
d

. B

03750
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f h8
~c!

~m1.mc!5212.3 to 218.4 MeV. ~2.28!

Hence, using Eq.~2.24!, the result of more sophisticated ca
culations of Shuryak and Zhitnitsky, we get the numb
~2.28! which is 2–3 times larger than simple estimatio
~2.22!.

These numbers~2.22!, ~2.28! are in agreement with the
phenomenological bounds@7,13# and almost in agreement i
the sign and the value with@6,8# but six–ten times less tha
the estimations given by@3# ~see also@4#!.

By using the numerical analysis of the branching ratio
B6→h8K6 given at@5# ~Fig. 17 of @5#! we expect that the
value of f h8

(c) given in Eq.~2.28! may provide a more satis
factory explanation of the experimental data.3 We reserve
this investigation for the future publication.
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3Quite recently Cheng and Tseng@11# concluded an impressively
good explanation of these data using our value~2.28! for f h8

(c) .
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